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1. Introduction

odes over finite commutative rings have been studied for almost 50 years. The main motivation of

C studying codes over rings is that they can be associated with codes over finite fields through the Gray

map. Recently, coding theory over finite commutative non-chain rings is a hot research topic and in last three
decade, there are many researchers doing research on code over finite rings.

Researchers have more interest in codes over finite rings in recent years, especially the rings Zy; where 2k

denotes the ring of integers modulo 2k. In [1-6], the authors have deeply studied codes over F, + ulf,. In gray

map, binary linear and non-linear codes can be obtained from codes over Z4 and the covering radius of binary
linear codes were studied [7,8]. Recently the covering radius of codes over Z, + uZ, has been investigated
with respect to different distances [9,10]. In [11], the authors gave upper and lower bounds on the covering
radius of a code over Z, with different distances. In this paper, I obtain the covering radius of some particular
codes over R = 7, + uZy + u?Z,. I consider the finite ring R = Zp +uZy + 1?7, of integers modulo 2 in this

paper.
2. Preliminaries

Let R = Zp + uZy + uZ; be the finite ring. Consider the elements of ring are {0,1,u,v, u?,v%,uv, 03},
where ) =0, v =1+u, 0> =1+ u?,0® =14+ u+u?,uv = u+ u

Let C C R" be a linear code of length n over R is an R-submodule of R". The element of C is called a
codeword of C. The Hamming weight wtp(c) of a codeword c is the number of non-zero components. That is,
wty(c) = {i|c; # 0}. The minimum Hamming weight wty(c) = min{i|c; # 0}.

Letx; and y; € R", dy(x;,y;) = |{i : x; # y;}|, wherei = 1,2, -, n is called Hamming distance between
any distinct vectors x,y € R" and is denoted by dy(x,y) = wty(x — y). The minimum Hamming distance
between distinct pairs of codewords of a code C is called minimum distance of C. It is denoted by dy(C) =
th(C).

The generalized Lee weight and Lee weight are the element x € R is analogous to the definition of the
generalized Lee weight and Lee weight of the elements of the ring Zg [6,12,13].

Let C C R is permutation equivalent to a code C with generator matrix of the form

I, An Az A
G= 0 LlIkl MA12 MA13
0 0 uz Ikz u2A23

where Ajj are binary matrices for i > 0. A code with a generator matrix in this form is of type {ko, k1, k»} and
has 8k04k12k2 yectors[14].
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In [15], the generalized Lee weight of the elements x € R are given

0 if x=0
thL(X) = 2 if «x 75 u?
4 if x=u?

and the Lee weights of the elements 0, {1,v,v?, 0%}, {u, uv}, u? of R are defined by 0,1,2,22 [13].

3. Covering Radius of Codes and Repetition Codes

ucR"” | ceC
Lee distance and generalized distance.

Let C = {&|a € F;}, @ = aa - - - & be a g-ary repetition code over I, with [n, 1, 1] code, where [, is a finite

field. The the covering radius of C is L@j [16].

Let r4c) = max {min {d(u, c)}} be the covering of codes, where d with respect to Hamming distance,

n n n

—
Let G = [11---Tpap---ag-- &5 105 1--- &, 1) be a generator of code C with [n(q —1),1,n(g —1)]

repetition code of block size is n. Use [16], that the code of the covering radius C is ["(qTfl)ZJ, since it will be
equivalent to a repetition code of length (g — 1)n.
In R, there are two types of repetition codes of length n viz.

/—’nh\
1. unit repetition code Cj: [n,1,dy = n,d; = n,dgy = n] generated by Gy = [11---1]
n

——N—
2. zero repetition code Cjj : (n,2,dy = n,dy = 4n,dgy = 4n) generated by Gy; = [u?u?---u?]
n

n

and

Cry: (n,4,dg = n,dp = 2n,dgp = 2n) generated by Gy = [t uv u uv- - - u uv] or [uv u uv u - - - uv ul.
The code generated by [u u - - - u] and [uv uv - - - uv] are similar to the code Cjjj.

Theorem1. 1. r;(C;) = 22,
2. r.(Crp) =2nand
3. n S TL(C”[) S 2n.

Proof. Lee weightof R: 0 — 0,{1,v,9%,v°} — 1, {u,uv} — 2 and u?> — 4.1If x € R" with ¢; times i’s, in x and
Y 0; = nand the code ¢;, j—0 o 7 € {#(Cr)|a € R}. Then

1

dr(x,c9) = wt(x—00---0)

= 009 + 1oy + uoy + vo3 + u?oy + uovos + v’og + V307
dr(x,c9) = n—oy+ 0y~ 304+ 0.
dr(x,c1) = wi(x—11---1)

= v30p + 007 + 10o + uos + voy + u?os + uvoy + v2o;
dr(x,c1) = n—oy+ 03+ 305+ 07.

Similarly, dr.(x,cp) = n— oy + 09 + 04 + 304, dp(x,¢3) = n— 03+ 05+ 307 +01,dL(x,c4) =n — 04+ 309+ 02 +

06, di(x,c5) =n— 05+ 07+ 301+ 03, di(x,c6) = n— 0+ 09+ 302 + 0y and dy (x,¢7) = n — 07 + 0y + 303 + 0.

Therefore, dr(x,C;) = min{d(x,co),dr(x,c1),dr(x,c2)dr(x,¢3),dL(x,ca),dr(x,¢5),dr(x,¢6),dL(x,c7) }. Thus,

ri(Cr) < 37” [, the minimum of data is less than or equal to the average of data and ) o; = n, implies
1

dL(X,CI) <n+ %’l _ 3771]

n—7
8 8 g g g,\ g,\ 8 §

Letx = WBn AT Rt w2 0% 0P oo 0 000 -+ v° € RY, where ¢ = | 55 |,
then dy (x,co) = n+4g, dp(x,c1) = 2n—4g, dp(x, o) = n+4g, dr(x,c3) = 4n —20g, dp(x,cq) = n+
4g, dr(x,c5) =n+4g, dp(x,c6) =n+4ganddr(x,c;) =n+4g.. . r(Cr) > min{n+4g,2n —4g,4n —20g} =
1”l+4g > 37'1 Thus TL(C]) = 3771

/—};\FL
Let x = u?u?---u2000---0 € R™ The code C;; = {a(®u®---u?) | a € R"},

that is C;; = {00---0,u?u?---u?}, generated by [u?u®---u?] is an (n,2,4n) code. Then
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n H

/_/h\__M
dr(x,00---0) = wip(u?u?®---u?00- 0-— —00---0) = Jwt(u?) = 2n and dp(x,uu®---u?) =
,—iﬁ B
wty (uu? - u 200- 0 —u?u?---u?) = Zwt;(u*) = 2n. Therefore, di(x,Cj;) = min{2n,2n} = 2n. Thus,

by definition of covering radius r; (Cry) > 2n.
Let x in R” be any codeword. Let us take x has 0; coordinates as i’s, then Y 0; = n, where i = 0 to 7.

i
Since C;; = {00---0,u?u?---u?}, then dr(x,00---0) = n — 0y + 02 + 304 + 0 and dp(x,u?u?---u?) =
n — oy + 309 + 0> + 04. Thus dL(x, CH) = min{n — 0+ 02+ 304 +0g,n— 04+ 300 + 07 —|-(T6} and dL(x, CH) <

n

7 2
n+n = 2n. Therefore, r.(C;;) < 2n. Hence, r (C;;) = 2n. For x = uu---400---0 € R" and
the code ¢;, ;= 0to7 € {a(Crp)le € R} generated by [uu---u] is an (n,4,2n) code. Then dr(x,cp) =
3 2 3 3
—N ——
wty (uu - - -uOOO- -+0-00---0) = Jwt(u) = n, dp(x,c1) = wip(uu---1u000---0—uu---u) = Jwty(uv) =

n
3 2

/NS N—=
n, dp(x,cp) = th(uu~~~L76a)~ 0 —uu? - u?) = Bwtp(uv) + Jwt (u?) = n+2n = 3n and di(x,c6) =

1 %
wtp (uu - - uOOO 0—uv uv---uv) = Jwt (u?) + Jwty(u) = 2n+n = 3n. Therefore, dy(x,Cryy) =
min{n,n,3n, Sn} = n. Thus, r, (Cy7) > n.
Let x be any word in R". Let us take x has ¢; coordinates as i's, with Y 0; = n. Then dr(x,co) =

1
n—oy+ 02430y +0p, dr(x,c1) = n—0p+ 09+ 04+ 306, dp(x,c2) = n— 04+ 309+ 02 + 06, dp(x,c3) =
n — 0 + 09 + 302 + 04. Thus, dy(x,Cry;) = min{d(x,cp),dr(x,c1),dr(x,¢2),dr(x,c3)}. Since the minimum
of {dr(x,co),dr(x,c1),dr(x,c2),dr(x,c3)} is less than or equal to its average and oy + 0» + 04 < n implies
dr(x,Crpp) <n+ %" =2nand r; (Cyy) < 2n.Hence, n < r (Cypy) <2n. O

Theorem 2. 1. rg (Cp) = 2n,
2. rgr(Crr) =2nand
3. n< rGL(CIH) < 2n.

Proof. Let x € R” with ¢; timesi's,inxand Y 0; =#n, i =0to 7.
i

In generalized Lee weight of R : 0 — 0, {1,u,0, v*,uv,v3} — 2 and u?> — 4 and ¢j,i—gt7 €
{a(Cp)|a € R}. Then, dgp(x,co) = wtgr(x —co) = 00p + 1oy + uoy + voz + u?oy + uves + v2og + vy =
n—og+ 0oy + 02+ 03+304 + 05+ 06+ 07, dgr(x,01) = wigr(x —c1) = USU'() + 001 + 1oy + uos + voy +
U205 + uvog + v’0y = n — 01 + 0 + 02 + 03 + 04 + 305 + 06 + 07. Similarly, dgr(x,c2) = n — 02 + 0o + 04 +
306 + 05+ 01 +03+ 0y, dgp(x,¢c3) = n—o03+05+307+01 +0p+ 00+ 04 + 04, dgL(x,¢4) = n—04 +
309+ 02+ 06+ 01+ 03+ 05+ 07, doL(x,c5) = n— 05+ 07+ 301 + 03+ 09 + 05 + 04 + 0p, dgr(x,c6) =
n—0g+ 09+ 01+ 03+300+ 04+ 07+ 0g and dgr (x,¢7) = n— 07+ 01 + 02 + 303 + 04 + 05 + 0 + 0p. Therefore,
der(x,Cp) = min{dgr(x,co), dgr(x,c1),dgrL(x, c2),dgrL(x, c3),dgL(x, ¢a),dgL(x, ¢5),dgL(x, ¢6), daL(x, ¢7) }-
Thus, dg (x,Cp) < n+ 82 = 21, for all x € R" and the minimum of data is less than or equal to the average of
dataand Y 0; =n, i = 0to 7. Hence, rg(C;) < 2n.

1

n—7
g g g g 8 8 g 8

/—’\ﬂ " ,_/%’ N
Lety = 00---011- 1uu 00 outu? - utv?? P U uo- - uoviv v € R", where g =

|55, then dgr.(y,c0) = 2n, ch(%Cl) = 2n,dcL(y,c2) = 2n,dgL(y,c3) = 2n, dgr(y,ca) = 2n, dgL(y,c5) =
2n,dgr(y,c6) = 2n and dgy (y, ¢7) = 2n. Therefore, rgr (Cy) > min{2n,2n,2n} = 2n > 2n. Thus, rg1 (C) = 2n.

n

2 2
— e —
Let x = u?u?---u?000---0 € R" The code C;; = {a(u®u®---u?) | a € R"}, that is
Cyy = {00---0,u?u?---u?}, generated by [u?u?---u?]. The parameter of Cj; is (n,2,4n) code. Then
—S —
dor(x,00---0) = wtgp(u?u?---u?00---0-00---0) = ZLwtg (u?) = 2n and dgp(x,u? --u?) =
? 5
f—’R
wtgr (u?u? - u?00---0 —u2u? - - u?) = Swtgr (u 2) = 2n. Therefore, dgy (x,Cj;) = min{2n,2n} = 2n. Thus,

by definition of covering radius rg L(C 1) > 2n.
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For any word x in R” and take x has 0; coordinates as i’s, with }_0; = n, where i = 1to 7. Since Cj; =
i

{co = 00---0,c,0 = u?u?---u?}, then dgr(x,c0) = wtgr(x —00---0) = 00y + 1oy + uop + voz + u?oy +
uvos + 0205 + 0307 = n— 09 + 01 + 02 + 03 + 304 + 05 + 06 + 07 and dgp(x,c,2) = wtgp(x — wPut - u?) =
u?0g + 107 + uoy + 103 + 00y + 105 + uog + 1oy = n — o4 + 01 + 09 + 03 + 309 + 05 + 06 + 07. Thus dg (x, Cpp) =
min{dgy (x,co),dcr(x,c,2)}. Since the minimum of {dg(x, o), dcL(x,c,2)} < n, then dgr(x,Crr) < 2n and
roL(Crr) < 2n.Hence, rgr (Cyp) = 2n.

5 2 2 1
— e — A

If x = fu.--200---0 € R" Then dor(x,c0) = wigp(uu---u000---0—-00---0) =
3 b
A o

Bwtgr(u) = n, dgr(x,c1) = thL(uu---uf)a)---a—uu~~~u) = JSwtgr(uv) = n, dgr(x,c2) =

3 3
thL(uu~~~u6&)~~6—u2u2~~u2) = Zwtgr(uwv) + SwtgL(u?) = n+2n = 3n, dg(x,c3) =

n

2
-
wtgp (uu - - 2000---0—uv UV Uv) = %thL(uz) + Jwtgr(u) = 2n +n = 3n. Therefore, dgr(x,Cryp) =
min{#n,n,3n,3n} = n. Thus, by definition of covering radius rgy (Cry) > n.
Let x € R" be any codeword and take x has ¢; coordinates as i's, then Y0; = n and ¢, ;_ ¢, 703) €

M=

i

{tx(C[”)M S R}. Then dgr(x,c0) = n—o0p + 0y + 02 + 03 + 304 + 05 + 06 + 07, dGL(x,Cl) =n—0y+0y+
01+ 03 4+ 04 + 05 + 304 + 07, dGL(X,Cz) =n—o04+ 300+ 01 +0’2+0’3+0'5+0'6+0'7a1’1dch(X,C3) =n—0+
09+ 01+ 300 + 03 + 04 + 05 + 07. Thus dGL(x, CH[) = min{dGL(x, CO),dGL(x, cl),dGL(x, Cz), dGL(X, Cg)}. Hence
rcL(Crrr) < 2n for, the minimum of {dgp (x,co),dgL(x,c1),dor(x,¢2),dgr(x,¢3)} <2n. O

4. Block Repetition Code for Same Size in R

In this section, give the covering radius of repetition code C with respect to Lee and generalized Lee
weight.

m m m
—_———

—_—— n ——
Let G = [11---1%0---00*0*---v*v°0>---0%] be a generator matrix with same block size(n) of

repetition code and the parameters of repetition code BRep*™ : [4m, 1,4m, 4m, 8m).

Theorem 3. Let C be a code and Gy, be a generator matrix of C over R. Then r (BRep*™) = 6m and rgp (BRep*™) =
8m.

Proof. In Theorem 1, (Proposition(mattson) [7]) and the given generator matrix Gy, then

rr(BRep*™) > 6m 1)
Let x = (uy | up | uz | uy) € R* where uy,up,u3,uy € R". Let us take in uj, i appears r; times, in
up, 1 appears s; times, in u3, i appears t; times, in uy, i appears v; times, with }.r; = Y.s5; = Y t; =

1 1 1

Yo = mand ¢ € {a(G1)|a € R}, i=0to7. Then dp(x,co) = 4m —ro+ 1y +3rg+ 716 — S0+ 52 +

i

384 + 8¢ — tg + St + 3ty +tg —vg + vo + vy + vg, dp(x,c1) = 4m —ry + 13+ 3r5 + 17 — 83 + S5 + 357 +
S| —ts+ 1ty +3 +t3 —vy+ 01+ 303+ vs, di(x,cp) = dm—ry+ 719+ 714+3r6 —Se+ S0+ 352 +54 — tr +
fo+ty + 3t — v + v+ 302 + vy, dr(x,c3) = 4dm —r3+r5+3r7+11 —s1 +53+3s5 +s7 —ty + 1 + 33 +
ts —vs + vy + 301 +vs, dp(x,cq) = dm — 71y +3rg+ 12 +1rg —S4+ 350+ 52+ 8¢ — tg + 3t +tr + e — vy +
3vo + vy + ve, dp(x,¢c5) = 4m —r5+ 1y +3r1 + 13 — sy + 51 + 353 + 55 — t1 + t3 + 3t5 + t7 — v3 + vs + 307 +
01, dL(JC,C6) = 4dm —rg+ 19+ 3ra+ 14— Sy +So+ 5S4+ 35¢ — tg + tg + 3ty + tg — vy + vy + vy + 3vg and
dr(x,c;) = 4m —r; + 11+ 3r3 + 15 — S5+ 57 + 351 + s3 — i3 + t5 + 3t7 + £; — v1 + v3 + 3v5 + vy. Therefore,
dy (x, BRep*™) = min{dy (x,co),dr (x,c1),dr(x,c2),dL(x,c3),dL(x,ca),dL(x,c5),dL(x,c6),dL(x,c7)} is less than
or equal to 6m. Then dy (x, BRep*™) < 6m and hence

rL(BRep4m) < 6n (2)

By (1) and (2), then r; (BRep*™) = 6m. Similarly, the Generalized Lee weight of R : 0 — 0, {1, u,v,v?, uv,v°} —
2 and u? — 4. Thus, rgr (BRep*™) = 8m. O
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The three block repetition code BRep3” : (3m,4,2m,6m,8m) generated by Gox =
m
m m

——
~—"—~"2 o 2 ——N——
[uu - du u” - u”uov uv- - - uvl.

Theorem 4. Let C be a code over R generated by the matrix Gy * . Then ry (BRep®™) = 4m and rgr (BRep®™) = 4m.

Proof. In Theorem 1, (Proposition(mattson) [7]) and Gy*, than r; (BRep®™) > 4m. Let x = (uy | up | uz) € R¥"
where uy,1up,u3 € R"and¢;, 5 € {a(Gy)|a € R}.Then, d (x,cq) = 3m —rg+12+3r4+7re —So+ 52 + 354 +
Se —to+ st +3ty+te, dp(x,c1) =3m—ry+rg+ry+3rg — 4+ 350+ 82+ 86 — e+t + 3tr+ty, dr(x,c0) =
3m—ry+3rg+ro+re—So+S2+3s4+5¢ —ta+3tg+tr+te, dp(x,c3) =3m—rg+7r9+3rp + 74— 54+ 350+
$2 + 86 — to + to + t4 + 3ts. Therefore, dp (x, BRep®™) < 4m and ry (BRep®") < 4m. Hence r1 (BRep®") = 4m.
Similarly, the Generalized Lee weight of R : 01is 0, {1,u,v,v% uv,v*} is 2 and u? is 4. Then, rg (BRep®") =
4m. O

Corollary 5. Let C; be a code over R and the G; be the generator matrices of code C;, i =1,2,3. Then

m

1 G_[lllzzz 2m_7ﬂ 2my __
.G = ucu u*], prove that ri,(BRep™™) = &% and rg,(BRep™) = 4m.

m m

AN ——

2. Gy =[11---1%u- 1), show that r (BRep*™) = 2 and rgL(BRep®™) = 3m.

m m m m

m m m
3.3

3. G3=[11---1au---dov---ou?u® - - u?v*0* - - V*wouv-- - uv v’v> - - - v°), to find r (BRep”™) = 10m and

roL(BRep”™) = 12m.

m

Proof. In Theorem 1 and Theorem 2. [

5. Different size of blocks repetition code

In this section, only detail that the covering radius for different size of blocks repetition code with respect
to Lee and generalized Lee weight.
Let mq and m; be two different size of block repetition code C; is define in R,
BRep™*™2 i [my + mp, 1, min{2my,2m; + 2my}, min{4my,3my + 3my}] generated by G, =
my my

‘1 2.2 2 . .
e LUTU” - - - U” | and also obtain e roliowin eorem.
11 1 ] and al btain the foll g th

Theorem 6. In R, let Cy be a code and G is the generator matrix of Co. Then the covering radius of code Cy is (3% +
2my) and (2my + 2my) with respect to Lee and generalized Lee weight.

Proof. Use to Corollary 5 and apply the two different size of length (That is, m and m,). O

In four different block of repetition code of size my, my, mz and my in R, is BRep™tMatmstims [y 4
my + mz + my, 1, min{ (mq + my + ms +my),2(mq + my + ms + my) }, min{2(mq + my + ms +my), 4(my +mp +
ms3 + my)}] generated by

nq my sl "y
— —_———
SN2 2 2.3.3

I obtain the following theorem

Theorem 7. Let Cy be a code and G4 is a generator matrix of Cy4 in R. Then
my+my+mz+my\ __ 3m
rL(BRep™ M2t 4)—7(7111 + my + mz + my)

and

m1+m2+m3+m4) — 2(

rcL(BRep my + my + ms + 1my).
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